Anomalous resilient to decoherence macroscopic quantum superpositions generated by 

universally covariant optimal quantum cloning 
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We show that the quantum states generated by universal optimal quantum cloning of a single 
photon represent an universal set of quantum superpositions resilient to decoherence. We adopt 
Bures distance as a tool to investigate the persistence of quantum coherence of these quantum 
states. According to this analysis, the process of universal cloning realizes a class of quantum 
superpositions that exhibits a covariance property in lossy configuration over the complete set of 
polarization states in the Bloch sphere. 

PACS numbers: 



I. INTRODUCTION 



In recent years two fundamental aspects of quantum 
mechanics have attracted a great deal of interest, namely 
the investigation on the irreducible nonlocal properties of 
Nature implied by quantum entanglement and the phys- 
ical realization of the "Schroedinger Cat paradox" . The 
last concept, by applying the nonlocality property to a 
combination of a microscopic and of a macroscopic sys- 
tems, enlightens the concept of the quantum state, the 
dynamics of large systems and ventures into the most 
intriguing philosophical problem, i.e. the emergence of 
quantum mechanics in the real life Unfortunately it 
was always found extremely difScult to realize a system 
which realizes simultaneously the following properties of 
the Schroedinger Cat, i.e. a Micro - Macroscopic Quan- 
tum Superposition (MMQS): (a) the quantum superposi- 
tion of two multiparticle, mutually orthogonal states, call 
it the "Macro-system" (b) the entanglement of this su- 
perposition with a far apart single-particle state, i.e. the 
"Micro-system" . In addition, it was always found that 
the quantum properties of any realized MMQS scheme 
were quickly spoiled by the pervasive interactions with 
the environment: i.e. by the effect of "decoherence", the 
phase-disrupting effect that so far has impaired the real- 
ization of the "quantum computer" [^]. The last crucial 
drawback made so far still more paradoxical any MMQS 
scheme. Recently a MMQS realizing the conditions a) 
and b), consisting of N w 3.5 x 10"* photons in a quan- 
tum superposition and entangled with a far apart single - 
photon state was generated Q . The structure of this sys- 
tem was realized by means of the quantum-injected op- 
tical parametric amplification (QI-OPA), i.e. a optimal 
quantum-cloning machine. In addition and most surpris- 
ingly, our QI-OPA system exhibited an anomalous large 
resilience to decoherence. 

In the present paper we demonstrate that the QI-OPA 
based MMQS is indeed a "decoherence - free" system 
which, in particular, is totally insensitive to temperature 
effects. This makes the device an ideal approach to en- 



lighten the quantum-to-classical transition and to inves- 
tigate the persistence of quantum phenomena into the 
"classical" domain by measurement procedures applied 
to quantum systems of increasing size 0] . Furthermore, 
since the generated Micro-Macro state is directly acces- 
sible at the output of the apparatus, the implementation 
of significant multi qubit logic gates for quantum infor- 
mation technology can be achieved by this method. 

About ten years ago it was proposed to exploit the 
process of quantum cloning to generate a different class 
of multiphoton states: Fig.l[^l3|. This method led re- 
cently to the successful experimental realization of an 
entangled macroscopic quantum superposition (MQS) of 
a large number of particles TV sa 5 x 10"^ [1, The 
persistence of quantum coherence in MQS states real- 
ized by the "phase-covariant" cloning, i.e. limited to a 
one dimensional subspace of the entire Bloch sphere of 
the Macro-qubit was analyzed on the basis of two crite- 
ria based on the definition of "distance" in the Hilbert 
space [1, [l^ . It was found that that limited physical sys- 
tem shows a high resilience to decoherence at variance 
with any coherent \a) state MQS. The nice feature of 
phase-covariance symmetry mostly consists of the rela- 
tive simplicity of the required " collinear" structure and 
of the high efficiency of the QI-OPA. This one amplifies 
equally well all the single-photon polarization states \(f)) 
belonging to the equatorial plane of the Bloch sphere of 
the injected micro-qubit 0, 

Given that lucky circumstance, a question arose 
whether it exists a physical systems that exhibits the 
property of decoherence - freedom in a larger Hilbert 
space or, better, in the full space available to the gen- 
erated Macrostate. The answer is yes, as demonstrated 
in the present paper. The ^^universal quantum cloning 
machine^' realized in its ^^optimaF MMQS mode non- 
degenerate configuration indeed possesses the requested 
property: the decoherence - freedom is realized in the full 
Hilbert space spanned by the output Macrostate [ill - 

In this paper, we report the theoretical analysis on the 
resilience to decoherence of the quantum states generated 
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FIG. 1: (a) Scheme for the phase-covariant cloning of a single 
photon state with a non-collinear optical parametric amplifier. 
The beam-splitter [BS(r)] is inserted to simulate the propaga- 
tion over lossy channels of the output field, (b) Scheme for the 
universal cloning of a single photon state with a non-collinear 
optical parametric amplifier (beam-splitters on spatial modes 
ki [BS(ri)] and k2 [BS(r2)]). 

by universal quantum cloning of a single-photon qubit. 
The basic tools of this investigation are provided by the 
two coherence criteria defined in Refs. [1, There, the 
Bures distance 

V{p,a)=\ll-^/J{^), (1) 

where is a quantum "fidelity" , has been adopted as 
a measure to quantify: (I) the distinguishability" be- 
tween two quantum states {li/)!), |02)} and (II) the de- 
gree of coherence, i.e. MQS visibility, of their quantum 
superpositions = 2^^^^ (l^i) i |02))- These criteria 
were chosen according to the following considerations. 
(I) The distinguishability i.e. the degree of orthogonal- 
ity, represents the maximum discrimination power among 
two quantum states available within a measurement. (II) 
The related Visibility" between the superpositions 
and depends exclusively on the relative phase of 

the component states: \<j)i) and |02)- Consider two or- 
thogonal superpositions 10^): I? (10+), [(/i^)) = 1. In 
presence of decoherence the relative phase between 
and 102) progressively randomizes and the superpositions 
10+) and 10^) approach an identical fully mixed state 
leading to: 2? (10"*"), |0~)) — 0. The physical interpreta- 
tion of 2? (10"'"), |0~)) as ''Visibility" of a superposition 
10^) is legitimate insofar as the component states of the 
corresponding superposition, |0i) and |02) may be de- 
fined, at least approximately, as "pointer states" or ''eins- 
elected states" Within the set of the eigenstates char- 
acterizing any quantum system the pointer states are de- 



fined as the ones least affected by the external noise and 
that are highly resilient to decoherence. In other words, 
the pointer states are "quasi classical" states which re- 
alize the minimum flow of information from (or to) the 
System to (or from) the Environment. They are invoved 
in all criteria of classicality, such as the ones based on 
"purity" and "predictability" of the macrostates . 

Our interest is aimed at the resilience properties of the 
different classes of quantum states after the propagation 
over a lossy channel. This one is modelled by a linear 
beam-splitter (BS) with transmittivity T and reflectiv- 
ity i? = 1 — T acting on a state p associated with a 
single BS input mode: Fig.l. Let us first analyze the be- 
haviour of the coherent states and their superpositions. 
The investigation on the Glauber's states leading to the 
a-MQS's case ['i]:\^a±)^J^~^^^ (|a) ± | - a)) in terms 
of the "pointer states" | ± a) leads to the closed form re- 
sult: V{\<^>a+), |«>a-)) = - Vl - e-4fl|a|^ _ This one 
is plotted in Fig. 2 (dashed line) as function of the average 
number of lost photons: x = R{n). Note that the value of 
I?(|<i>Q+), |$Q-)) drops from 1 to 0.095 upon loss of only 
one photon: x = 1. In other words, the superpositions 
of a - states. |$q.±)=7V^^/^ (|a) ± | - a)) exhibit a fast 
decrease in their coherence, i.e. of their "visibility" and 
" distinguishability" , while the related components | ± a) , 
i.e. the "pointer states" 0, remain distinguishable until 
all photons of the state are depleted by the BS. 

The amplification QI-OPA systems under investiga- 
tion are reported in Fig[T] An EPR pair = 
2-1/2 (^\h)j^\V)t - \V)i\H)t) is generated in a first non- 
linear crystal. The symbols H and V refer to horizontal 
and vertical field polarizations, i.e. the extreme "poles" 
of the Poincare sphere. By analyzing and measuring the 
polarization of the photon associated with the mode kr, 
the photon on mode ki is nonlocally prepared in the po- 
larization qubit: |V')i = cos(6'/2)|i7)i + e*"^ sin(6l/2)|y)i. 
Then, by an accurate spatial focusing the single photon in 
the state \ip)i is injected in the amplifier simultaneously 
with the strong UV pump beam k'p. Let us analyze 
the two configurations of the apparatus leading, as said, 
to two different regimes of quantum cloning: the "phase 
covariant" and the " universal" . 



II. PHASE-COVARIANT OPTIMAL QUANTUM 
CLONING MACHINE 

Let us first briefly review the results obtained for 
a "coUinear" optical configuration, i.e. leading to the 
phase-covariant optimal quantum cloning machine: Fig- 
ure 1 (a). The interaction Hamiltonian of this process 

is: Hpc = i^X^lfiv "*" {t^h, t^v} polarization 

basis, and Hpc = ^e"'"^ (sj,^ - e'^-^aj,^) + H.c. for 

any " equatiorial" basis {tt^, 7?0_l} on the Poincare sphere 
having as " poles" the states: tthtT^v ■ The relevant equa- 
torial basis considered here are {7f_|-,7r_} and {t^RtT^l} 
corresponding respectively to = and = 7r/2. The 
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FIG. 2: Bures distance for various classes of MQSs for (n) = 
12.5. The lower blue dash-dotted curve corresponds to the 
quantum superpositions of coherent states \a) ± \ — a) , while 
the green dotted upper curve is relative to the distinguisha- 
bility between the component states |±q). The black straight 
curve corresponds to the MQS generated by phase-covariant 
cloning [^,[13], while the red dashed curve corresponds to the 
universal cloning based MQS. 



amplified state for an injected equatorial qubit is: 
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where 
coshg , r 



~ C2 (e "''2) ( 



tanhg. Hereafter, 



(2) 



C = 



I'.r- 

IpVi Q'4'±)i stands for 
a Fock state with p photons polarized ir^ and q pho- 
tons polarized tt^^ on spatial mode k^. We evaluated 
numerically the distinguishability of {I'I'pc)} through 
the distance Pd^p^), |i>pp)): Fig.2. Consider the 



MQS of the macrostates 
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(\^pq) ± i\^P(j)) . Due to the linearity of theam- 
plification process [TlJ, l^'p^) — 



R/L 
PC 



the phase-covariance of the process: 



and in virtue of 



2?(|*+c>, |*pc)) = Vi\<i>^c), mc)) = T^il'^Pc)^ I'fpc)) 

(3) 

These equations can be assumed as the theoretical condi- 
tions assuring the decoherence - freedom of any quantum 
MMQS state generated by the QTOPA in the coUinear 
configuration: they identify the "equatorial set" of the 
Bloch sphere a privileged decoherence- free Hilbert sub- 
space. The visibility of the q-MQS {|^'pc7)} evalu- 
ated numerically analyzing the Bures distance as a func- 
tion of X. Note that for small values of x the decay of 
D{x) is far slower than for the coherent a — MQS case. 
This resilience to decoherence feautre has been experi- 
mentally verified in [3] . 

III. UNIVERSAL OPTIMAL QUANTUM 
CLONING MACHINE 

Let's now investigate the resilience to decoherence of 
the MMQS generated by the universal optimal quantum 



cloning machine (UOQCM). According to the original 
proposal, this was implemented experimentally by QT 
OPA device working in a non - coUinear, i.e. mode non- 
degenerate configuration: Figure 2 (b) [g!]. This para- 
metric amplifier acts as an universal N — ;> M quan- 
tum cloning machine [itI . Il8l | as well as a Universal - 
Not (U-Not) quantum machine [l^. The interaction 
Hamiltonian for the amplifier is now given hy T-Lij = 



«^x(aiV,«2Vi~"U_L"2^)+H-'^-' where 7?^ = cos(6'/2)7r// + 
e*"^ sin(^^/2)7f^/ and = {tt^p)^ . Since this system 

possesses a complete SU(2) simmetry, the Hamiltonian 
maintains the same form for any simultaneous rotation 
of the Bloch sphere of the polarization basis for both 
output modes ki and k2. 

The output state of the amplifier reads: 
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00 



c 

n,m— 



(4) 



In order to investigate the features of the state of Eq. @ , 
Fig |3] reports the photon- number distribution for the re- 



duced states plfi^^^ 
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as- 
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= Trk. 

sociated to the output spatial modes ki and k2. 
photon-number distributions in the ki spatial mode 
[Figs|3]-(a) and (c)], i.e. the cloning mode, show a strong 
unbalancement along the direction of the injected po- 
larization state. The anticloning k2 mode [Figsl3]-(b) 
and (d)] presents the opposite unbalancement along the 
direction of the orthogonal polarization, since on that 
spatial mode the amplifier works as a U-Not machine 
|19| . This feature is also enlightened by the contour 
plots of Figsl3]-(e-h), where the white regions represent 
the Fock-space zones where the photon-number distri- 
butions are more densely populated. Furthermore, we 
note that at variance with the phase-covariant ampli- 
fier [1^, the output states do not exhibit any comb 
structure in their photon number distributions. In agree- 
ment with the "universality" property of the source, 
the Bures distance between the MQS states |$ 



10\ 



cos{9/2)\^}f)+e"^ sin(0/2)|$i,^; 
dent on the choice of (9, 6): 



and 1$^^^^ 



is indepen- 



(5) 



for any basis {tt^,??^'}. This feature is the extension 
of the (/>-covariance property of the coUinear quantum 
cloning machine [l3| to the full set of polarization states 
on the output Bloch spheres.. 
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FIG. 3: Probability distribution (a-d) and contour plots (e-h) of the reduced density matrices pl^ (a)-(e), (b)-(f), p^^ 
(c)-(g) and /Sjj.^-'- (d)-(li). All plots correspond to the gain value g = 1.5. 



By introducing, in analogy with the previous case, 
two beam-splitters {BSi and BS2) on the output states, 
we evaluate by standard algebraic numerical routines 
the Bures distance between the orthogonal macrostates 
l^lf) and l^^'''"^) as a functions of the correspond- 
ing transmission parameters: Ti and T2. In Fig|4]- 
(a) we report the 3-dimensional plot of the function 
V{Ri,R2) = Vip^'f' , p^'f'^) for a gain value of g = 1.2, 
corresponding to an overall average number of photons 
(^) = SLi + ("i'/'i)] ~ 15. The Figure shows 

that the MQS visibility possesses a resilient structure in 
presence of losses, since the Bures distance does not de- 
crease exponentially with the lossy parameters {Ri, i?2}- 
In Figs|3]-(b-c) we then report several sections of the 3- 
dimensional surface of Fig|31-(a) by fixing either Ri or 
i?2- We note that the l^^''^) and 1$^'''^) MQSs are more 
sensitive to losses in the cloning mode: ki than in the 
anticloning one: k2. This can be explained by consid- 
ering that the distance between these orthogonal Mcro- 
states depends on the unbalancement in the correspond- 
ing photon- number distributions. Since this feature is 
pronounced in the spatial cloning mode ki, losses act- 
ing on this mode cancel more rapidly the orthogonality 
between \'^^) and As the number of photons 

present in the state is increased, the visibility keeps large 
up to a value y « 0.5 in a larger range of the num- 
ber of reflected photons. All this shows that, in analogy 
with the phase-covariant case, the MQS's generated by 
quantum cloning become more resilient to losses since the 
quantum coherence present in these state can survive the 
loss of a larger number of photons. 
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FIG. 4: Bures distance between the MQSs 1$^''') and 1$^'''-^) 
after losses, (a) 3-dimensional surface T>{Ri, R2) as a. function 
of the two spatial mode parameters _Ri = 1 — Ti and R2 = 
1 — T2. (b) T>(R\, R2) with R2 fixed, as a function of Ri. 
(c) V{Ri,R2) with Ri fixed, as a function of R2. (b)-(c) 
Straight curves correspond to R2(i) = 0.9, the dashed curves 
to -R2(i) = 0.75, dotted one to R2(i) = 0.5, the dash-dotted 
curves to R2{i) ~ 0.2 and dash-dot-dotted curves to R2(i) = 
0.05. 



Finally we analyze the action of the Orthogonality Fil- 
ter (0-Filter, OF) on the amplified single photon states 
\^u') by analyzing how the Bures distance is affected by 
the application of this device. The POVM like technique 
[20| implied by this device locally selects the events for 
which the difference between the photon numbers asso- 
ciated with two orthogonal polarizations |m — n| > fc. 
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FIG. 5: Numerical results for the Bures distance between the 
|<1>'^''') and 1$'^'''^) states after the propagation over a lossy 
channel and the application of the O-Filter device. From 
the lower to the upper curve, the filtering threshold is set to 
k = 0(n) {Pfut = 1), fc = 2(n> {Pfut = 1-7 x 10"^), k = 4(n) 
{Pfiit = 1.5 X lO-'')^^, k = 6(n) {Pfut = 1.1 X 10"^), k = 8(n) 
{Pfiit ~ 8.2 X 10~^). All curves are calculated for a gain 
g — 1.2, corresponding to an average number of generated 
photons on mode ki equal to (n) ~ 8. 

i.e. larger than an adjustable threshold, A; By 
this method a sharper discrimination between the out- 
put states 1$^''') and l^lf'^) can be achieved. We focus 
our attention only on the reduced density matrix p^^ (T) 
corresponding to the output spatial mode ki. We then 
applied the numerical methods previously adopted in or- 
der to calculate the Bures distance 'D{x), where x = R{n) 
is the number of lost photons, as a function of the thresh- 
old k. In Fig l5] the results of a numerical analysis carried 
out for g = 1.2 and different values of k are reported. 

Note the increase of the value of ^{x), i.e. of the MQS 
Visibility, by increasing k. Of course, in the spirit of 
any POVM measurement, the high interference visibility 
is here achieved at the cost of a lower success proba- 
bility jllj. The general, most important feature shown 
by all these Figures is that both the " Distinguishabil- 
ity" and the " Visibility^^ of all "universal" macrostates 
l^if'^) as well as of all their "universal" quantum 
superpositions can be kept close to the maximum value 
in spite of the increasing effect of decoherence due to in- 
creasing values of the B^i reflectivity: R{n). On the ba- 
sis of all these results we may then conclude that all the 
"universal" macrostates and superpositions generated by 
the QI-OPA may be safely defined as classically stable, 
einselected ''''pointer states" 



IV. CONCLUSIONS 

The present paper reports a thorough theoretical anal- 
ysis on the resilience to decoherence of the quantum 
superpositions generated by universal quantum cloning. 
This property is found to depend on the symmetry ( "co- 
variance") of the optimal cloning process, which allows 



to identify a covariant set of stable quantum superpo- 
sitions over the full Hilbert space spanned by the gen- 
erated Macro-states. In order to gain insight into the 
general picture and to support the congruence of our fi- 
nal conclusions we find useful to relate here the various 
aspects of the optimal cloning process with the current 
MQS physical model considered by . 

1) The ^'System" in our optical entangled amplification 
scheme is represented by the assembly of -I- 1 photon 
particles associated with the macrostate 1$"^) generated 
by the optimal cloning apparatus. 

2) The flow of (classical) "noise information" directed 
from the '^Environment" towards the System is at- 
tributed to the unavoidable squeezed-vacuum noise af- 
fecting the building up of the macrostate j^*^) within the 
process of amplification. As already stressed, the "op- 
timality" of the quantum cloning generally implies that 
the flow of classical noise is the minimum allowed by the 
principles of quantum mechanics, i.e. by the "no-cloning 
theorem" {2^^. 

3) The flow of quantum information directed from 
the System towards the Environment is provided by the 
controlled "decoherence in action" provided by the BS- 
scattering process and by the losses taking place in all 
photo-detection processes. We have seen that by the 
use of the OF, or even in the absence of it, the interfer- 
ence phase-distrupting effects caused by the decoherence 
can be efficiently tamed for the macrostates and for their 
quantum superpositions. 

4) By the universal cloning method considered here 
the maximum allowed Distinguishability and Visibility 
are attained for the macro-qubit Hilbert space. 

5) In any cloning apparatus a unitary transforma- 
tion U connects all physical properties belonging to the 
micro-world to the corresponding ones belonging to the 
macrosopic "classical" world. Any lack of perceiving this 
close correspondence, for instance in connection with the 
realization of the "Schrodinger Cat" must be only at- 
tributable to the intrinsic limitations of our perceiving 
senses, of our observational methods or of our measure- 
ment apparata. In other words, at least in our case, the 
two worlds are deterministically mirrored one into the 
other by the unitary map U which is provided by quan- 
tum mechanics itself. This is the key to understand our 
results. 

6) The q-MQS based on the cloning process is not a 
"thermodynamic" system as its dynamics and decoher- 
ence do not depend on the temperature T. It rather be- 
longs to, and indeed establishes a first and most insight- 
ful physical model of, the class of the "parametrically 
- driven, open quantum - statistical systems" that have 
been recently invoked to provide and sustain extended 
long - range nonlocal coherence processes in complex bi- 
ological photosyntetic systems [l^, HE] 
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Appendix A: Calculation of the density matrix 
coefficients for the universally amplified 
single-photon states in presence of losses 



of the properties of the lossy channel map, which be- 
ing a "local" transformation, acts independently on each 
mode. The output state after losses reads: 



In this appendix we report the detailed calculation of 
the coefficient of the density matrix for the 1$^"^) states in 
presence of losses. We focus our attention on the \lip)i 
case only, since the calculation for the complementary 
state |1V'-l)i is similar. 

First we investigate the features of the interaction 
Hamiltonian. Due to the properties of T-Lu, the time 
evolution operator in the interaction picture U = 
exp(— iTif/t/Ti) can be decomposed as the product of 
two independent operators U ~ Uj\^ t/^', acting on 
two different Hilbert spaces corresponding to the two 
sets of modes A = |(ki, tt^), (k2, tt^^)} and A' = 
{(ki,7r^^),(k2,7r^)} [nllil: 



Ua = exp ^xtia\ 
Ua' — exp 



(Al) 
(A2) 



In the case of a separable input state in the QI-OPA 
p = /5_4 <S) PA' 1 the amplified states can be written in a 
separable form: 

p(t) = ilpU^ = [UapaU!a) ® {Ua'Pa'U\>) (A3) 

This separability property will be exploited in the re- 
maining part of the paper both for the calculation of the 
density matrix after losses and for the evaluation of the 
Bures distance. 



1. Density matrix coefficients for the amplified 

states 

In this section we derive the density matrix coefficients 
for the amplified states after the transmission 

over a lossy channel. We focus our attention on the | l^p) i 
case only, since the calculation for the complementary 
state is similar. Due to the property of the "uni- 

versal" amplifier analyzed previously, we analyze sepa- 
rately the two subspaces A and A' [Eq. ljASp ], Since the 
time evolution operators Ua and Ua' sltc equivalent apart 
from a global phase factor (—1), the quantum states for 
the amplifier A' can be directly derived from the expres- 
sions obtained for amplifier A. Only two relevant cases 
are considered: the vacuum injected state ?7y!i|0) (sponta- 
neous emission) and the single-photon injected ?7^|l'0)i 
state. This analysis can be performed separately for the 
two amplifiers since the separability feature also holds 
after the amplified state propagates over a lossy channel 
in both ki and k2 spatial modes. This is a consequence 



cm)] = ca 

Here Ca = >Cki,ff^ 



UaPaU!^ 



Ua'PA'U\' (A4) 



, Ca' = C 



the maps induced by losses for the two subspaces, where 
the single mode map (k^ , tt ) is given by the following 
expression 26] : 



^^p/2j.(atQ)/2^ 

p=0 



-tp 

^k^y(a+a)/2 pp/2 



(A5) 

with Ti the transmission efficiency of the channel, as- 
sumed to be polarization independent. 

We begin with the analysis of the spontaneous emission 
regime. The calculation proceeds as follows.^ Starting 
from the quantum state for the subsystem A IJa\^), the 
output state after the transmission over the lossy channel 
is obtained by applying the lossy channel map (jA5|) to 
the density matrix of the state p\. The same procedure 
applies for the single photon amplified states, where the 
seed of the amplifier A is the single photon state In 
this case, the input state in the lossy channel is Ua- By 
applying the lossy channel map over the density matrix 
of the state, we find the desired output states. De- 
tails on the calculation and the complete expressions of 
the coefficients for the density matrices p^ {Ti,T2) and 
/5^(ri,T2) are reported below. 

Let us emphasize that, due to analogy of the Hamil- 
tonian of the two amplifier A and A! , the density matri- 
ces of the states p\,{Ti,T2) and p]^,^ {Ti,T2) for ampli- 
fier A' can be directly derived from Eqs. (|A8IIA10[) and 
(|A13IIA15P by substituting (F) with (-F) and by re- 
labelling the indexes describing the spatial and polar- 
ization modes. 

We begin with the analysis of the spontaneous emission 
regime. The quantum state for the subsystem A is given 
by: 



^ OO 



mip 



-l;2 



(A6) 



The output state after the transmission over the lossy 
channel is obtained by applying the lossy channel map 
[5|) to the density matrix of the state p\: 



(A7) 



After direct application of the lossy channel map on the 
density matrix, the following expression is obtained: 
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OO 2 OO 



i—0 j—0 k—i—j 



OO OO OO 



(A8) 



E E E['5^(^i'^2)];;.rN^)i(fcvi^w±)2(o-+fc-z)^j 

i=0 k=a 



where the coefficients for i > j and i < j are given by 



7^r'+^- ^ f (1 + z, 1 + fc, * + * - i; r^i?ii?2 



(A9) 



^j.(.+fe)/2y(2,+fc-.)/2^,-.^^-y^— yy 



2^1 (1 + J, 1 + J + fc - 1 + J - z; r2i?i_p^)o) 



where 2^1(0, &iC;z) is the hypergeometric function de- 
fined in Ref. [23|- The same procedure has been applied 
to the stimulated case, where the seed of the amplifier A 
is the single photon state In this case, the input 

state in the lossy channel has the following expression: 



^ 00 

(All) 



n=0 



By applying the lossy channel map over the density ma- 
trix of the state, we find: 



Pa 



Pa 



(A12) 



The application of the map leads to the following expres- 
sion for the density matrix: 



00 i— 1 00 



pif(Ti,r2) = ^^ ^ [/5if(Ti,r2)];;.f+^^|z^)i(M®|j^±)2((j + fc-*)V^±l 



00 00 00 



■ E E E ['^^'^(^1' ^2)] i;.f (fcv-i ^ w±>2((j + A - z)V'i 

i—Q j—i k—0 



where the coefScients for z > j + 1 and i < j are given by: 



(»>j) 



^(j+fc)/2„(2j + fe-i)/2 /TTTT 
7: TTr^T7^^=TT^ 



i,l + A:,i-i;r2i?ii?2 



(z-j-l)!Vj!(j + fc-i)! 

(»+fc)/2y(2,+fc-.)/2^,-.+ y^,^^. ^ _ 

(j - i + l)!Vi!fc! 
2F1 (2 i, 2 + J + A: - z, 2 + J - i; r2i?ii?2) 



(A13) 



(A14) 
(A15) 



According to previous considerations, the density matri- 
ces of the states p'\,{Ti,T2) and p]^,^ {Ti,T2) for ampli- 
fier A' can be directly derived from Eqs. ()A8IIAl0p and 
(|A13IIA15P by substituting (F) with (-F) and by re- 
labelling the indexes describing the spatial and polar- 
ization modes. Finally, the complete output state can be 
reconstructed as: 

pi'^(Ti,T2) = p^^(Ti,r2) ® p%(ri,T2) (A16) 



2. Density matrix coefficients on the reduced ki 
spatial mode for the amplified states 



In this section we report the expression of the coeffi- 
cients for the reduced density matrix on spatial mode ki 
of the l^^'^) after the propagation over a lossy channel. 
Such result has been exploited in the calculation of the 
Bures distance, where the action of the 0-Filter device 
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has been analyzed. The starting point of the calculation 
is the expression (|A5p of the 1$^'''). After the partial trace 
on mode kz, the density matrix p\^^ = Trk^ 
reads: 



where the coefficients are given by: 



oo oo 



p2n+2m 

n—O 



(A17) 



Finally, the application of the lossy channel map leads to 
the following density matrix: 



p2i+2j-2 



ri'+' {i + T\l-ri)) 



{l-VHl-r^))- 



(A19) 



OO oo 



i=0 j=0 



(A18) 
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